Introduction
Let Y be a closed subscheme of P n k , the projective space over a field k of characteristic p > 0. Vanishing of H i (P n − Y, F ) for all coherent sheaves F was asked by Grothendieck ([10] ). Among the attempts to answer the mentioned question
Hartshorne and Speicer in [12] used the notion of Frobenius depth of Y to give an essentially complete solution to this problem.
To be more precise, Let Y be a Noetherian scheme of finite dimension, whose local rings are all of characteristic p > 0. Let y ∈ Y be a (not necessarily closed)
point. Let d(y) be the dimension of the closure {y} − of the point y. Let O y be the local ring of y, let k 0 be its residue field, let k be a perfect closure of k 0 , and let O y , be the completion of O y . Choose a field of representatives for k 0 in O y .
Then we can consider O y as a k 0 -algebra, and we let A y be the local ring O y ⊗ k0 k obtained by base extension to k. Let Y y = Spec A y and let P denote its closed point. So, the Frobenius depth of Y denoted by F-depth Y is the largest integer r (or +∞) such that for all points y ∈ Y , one has H i P (Y y , O Yy ) s = 0 (the stable part of H i P (Y y , O Yy )) for all i < r − d(y). From the local algebra point of view, Grothendieck's problem is stated to find conditions under which H i I (M ) = 0 for all i > n (n ∈ Z) and all A-modules M , where A is a commutative Noetherian local ring and I ⊂ A is an ideal. For an Amodule M , we denote by H i I (M ) the ith local cohomology module of M with respect to I. For more details the reader may consult [9] and [3] . From the celebrated result of Hartshorne (cf. [11, pp. 413 denotes the formal completion of U along V (I) \ {m} and For an A-module M , F denotes the associated sheaf on U and F denote the coherent O U -sheaf associated to lim ← −n M/I n M , they have described the formal cohomology modules
2)] when A is a Gorenstein ring.
The formal grade, fgrade(I, M ), is defined as the index of the minimal nonvanishing formal cohomology module, i.e., fgrade(I,
. One way to check out vanishing of local cohomology modules is the following duality 
Auxiliary Results in positive characteristic
Throughout this section all rings are assumed to contain a field of positive characteristic. The symbol A will always denote a commutative Noetherian ring of finite characteristic. We adapt the notation from [1] and except for notation we mostly follow Lyubeznik [19] . We let F = F A the Frobenius map on A, that is F : A → A, with a → a p , a ∈ A. We denote the eth iterate of the Frobenius map by A e which is the A − A-bimodule. As a left A-module it is A and as a right A-module we have m.a = a p e m for m ∈ A e . We say A is F-finite, whenever A e is a finitely generated right A-module.
Remark 2.1. Let us recall from [12, Proposition 1.1(a)] that for a ring A which is either a localization of an algebra of finite type over a perfect field k, or a complete local ring containing a perfect field k as its residue field, then A is F -finite.
In the present section, among our results we recall various results due to HartshorneSpeiser [12] , Peskine-Szpiro [25] , Lyubeznik [19] and Blickle [1] .
Peskine and Szpiro in [25] defined the Frobenius functor as follows:
Definition 2.2. The Frobenius functor is the right exact functor from A-modules to A-modules given by
Its eth power is F 
The following definition is introduced in [12] :
We define G(M ) as the inverse limit generated by the structural map V e , i.e.
Note that there are natural maps π e : G(M ) → F e * M . Moreover, the maps 
Below, we recall some properties of the functor D.
Proposition 2.7. Let A be a complete regular local ring. 
-module that is finitely generated or cofinite as an A- 
where, I is generated by x 1 , x 2 , . . . , x n . As the category of unite 
which is a unite A[F e ]-module. In particular, On the other hand, one has lim
, where
is the injective hull of the residue field. The natural map
by sending r ⊗ ϕ to rF e * (ϕ) is an isomorphism of A[F e ]-modules (r ∈ A and ϕ ∈
for each i ∈ Z.
In order to complete the proof, it is enough to show that lim 
The last part follows by [12, Proposition 2.1].
Frobenius depth
Let A be a regular local F -finite ring of characteristic p > 0 and let I be an ideal of A. Proof. By the assumptions A is F -finite that is A e is a finitely generated A-module.
Then tensoring with A e commutes with the inverse limit, as A e is a free right Amodule (cf. [12, Proposition 1.1(b)]). Thus, we have
On the other hand, since the Frobenius action is the same in both H As the functor D(−) transforms direct limits to inverse limits, then
As we have seen in the proof of Theorem 2.8, lim
Therefore, H For more advanced expositions on this topic we refer the interested reader to [23] . 
is a finitely generated D R|k -module. For a more advanced exposition based on differential operators and undefined concepts the interested reader might consult [2] . The similar results are true whenever R = k[x 1 , . . . , x n ] is a polynomial ring of n variables x 1 , . . . , x n over k (cf. [5] ). For a quick introduction in this topic we refer the reader to [20] . For brevity we often write D R for D R|k when there is no ambiguity about the field k.
Finally, we bring the following Lemma will be used later.
Lemma 4.1. Let R be a commutative ring containing a field k. Let M be both an R-module and a D R -module. Then Ann DR M = 0 implies Ann R M = 0.
Proof. Let r ∈ Ann R M be an arbitrary element. As the endomorphism ϕ r : R → R with ϕ r (s) = rs for all s ∈ R is an element of D R so from rsM = 0 (for all s ∈ R)
we have ϕ r (s)M = 0. That is ϕ r (s) ∈ Ann DR M = 0, i.e. rs = ϕ r (s) = 0, for all s ∈ R. Hence, we have r = 0, as desired. [2] and [5] ). In the following result we show that this is not the case for its endomorphism ring.
For the convenience of the reader let us recall two useful facts. Lemma 4.7. Let M be an Artinian R-module (R is an arbitrary ring with no restriction on its characteristic). Then there exists an isomorphism
Whenever R is complete and M is a finitely generated R-module, we have again such isomorphism.
Proof. We prove for the case M is an Artinian module. For a finite module over a complete local ring the argument is the same. It is clear that the homomorphism Φ is well-defined. It is enough to show that it is injective and onto.
(Φ is injective) Let 0 = ϕ so there exists a nonzero elemnet x ∈ M such that
implies that L ∼ = M so ϕ(x) = 0, that is contradiction. Thus, there exists a nonzero map θ : ϕ(x) → E(R/m). We may extend it to the nonzero map θ :
is onto.
In the following, the endomorphism ring
module without any need for R to be F -finite. Proof. By virtue of Lemma 4.7 and the fact that D(H i I (R)) is finitely generated one has 
As
Once again, using Lemma 4.7 the proof is complete.
Now we are ready to prove the main result of this subsection but before it we need some preliminaries. It is noteworthy to say that unite R[F e ]-modules have the structure of D-modules in the case of characteristic p > 0 (cf. [19] and [1] ).
Definition 4.9. A reduced F -finite ring is said to be strongly F -regular, if for all c ∈ R not in any minimal prime, there exists q = p e such that the map R → R 1/q sending 1 → c 1/q splits as an R-module homomorphism. Here, R 1/q is the over-ring of qth roots of elements in R.
The strongly F -regular rings were introduced by Hochster and Huneke in [15] .
It is known that a regular, F -finite ring is strongly F -regular.
Definition 4.10. An F -finite ring R has finite F-representation type if there exists a finite set S of isomorphism classes of R-modules such that any indecomposable R-module summand of R 1/q , for any q = p e , is isomorphic to some element of S.
Note that an F -finite regular ring has finite F -representation type, see [29] for more information. S/mS = S/n. By passing over S we may assume that k is an algebraically closed field. Therefore, k is a perfect field. In the light of Remark 2.1 we observe that R is F -finite. Now the claim follows from the Proposition 4.6 and Theorem 4.11.
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